There exist two interpretations of instantons in the literature. The first interpretation regards instanton as divider between the initial and final hypersurfaces. The Coleman-De Luccia instanton is one such an example.
I. INTRODUCTION
Instanton is an interesting and extremely important object in quantum field theory, which describes nonperturbative phenomenon of a system. In this article we summarize our recent work [1] on interpretations of instantons in the Euclidean path-integral approach, and in particular, its connection with black hole physics.
By interpretation, we actually refer to the technical issue of how an instanton, which begins with the Euclidean spacetime, can be analytically continued to the eventual Lorentzian one. In the literature, it is known that there are two interpretations of instanton that can be summarized as follows. For simplicity, we shall refer to these two interpretations as Nothing-to-Something and Something-to-Something, where -Nothing-to-Something interpretation: the initial and final hypersurfaces are separated by an instanton [2] .
-Something-to-Something interpretation: the initial and final hypersurfaces are connected by an instanton [3] .
So far the investigation of instanton solutions in the models of Coleman and De Luccia [2] and Brown and Weinberg [3] have been based on O(4) symmetry. In our work, we go further to study with the spherical symmetry that can include objects like black holes.
Besides the issues of interpretations, both Euclidean and Hamiltonian approaches have been invoked in the analysis of the something-to-something interpretation. On the contrary, for the nothingto-something interpretation, there was no article that used the Hamiltonian treatment to calculate the decay rate. To make sure the consistency between two interpretations, it is worthwhile to check that the Hamiltonian approach also works well for the nothing-to-something interpretation. We therefore test the consistency of the Euclidean treatment by computing the decay rate from the Hamiltonian treatment.
II. TWO INTERPRETATIONS-DE SITTER SPACE
Here we list the pros and cons of the two interpretations with O(4) symmetry.
A. Nothing-to-Something
As we mentioned before, the nothing-to-something interpretation is the case where the initial and final hypersurfaces are separated by the instanton solution (Fig. 1) . This is the traditional interpretation that smoothly glues and maximally extends manifold, which is of course mathematically natural. In this interpretation, however, the manifold contains a region that lies beyond the cosmological horizon and hence inaccessible.
B. Something-to-something
For the something-to-something interpretation, in which the initial and final hypersurfaces are connected by the instanton solution, the tunneling process takes place in one causal patch. This interpretation is therefore more physically intuitive. However, there are still some mathematically technical issues; the manifold is not maximally extended and it is difficult to apply it to some important cases such as including the anti-de Sitter space.
III. TWO INTERPRETATIONS-SPHERICAL SYMMETRY
For our own interests in black hole physics, we move to the spherical symmetry and testify whether it is possible to interpret in both ways. In this section, we will briefly review the dynamics of a thin-shell bubble. Then, we will introduce both Euclidean and Hamiltonian methods in order to describe the tunneling process.
A. Dynamics of thin-shell bubbles
Let us consider a true vacuum bubble of the scalar field φ with the following action [1] :
where R is the Ricci scalar, φ is a scalar field, U(φ) is the potential of the scalar field, and K and K 0 are Gibbons-Hawking boundary terms for a given metric and the Minkowski metric, respectively.
With the spherical symmetry, one can easily obtain the equation of motion of the bubble wall by using the thin-shell approximation: after straightforward calculations, we obtain the following form
where the effective potential V (r) is a function of several physical quantities, such as the mass and the surface energy density of the black hole.
B. Two approaches toward tunneling process
There are two approaches to treat the tunneling process. The first one is the Euclidean method, for example Farhi-Guth-Guven method [4] that relies on the Euclidean path integral. The second one is the Hamiltonian method proposed by Fischler-Morgan-Polchinski [5] , where the integration is performed over the constant-time hypersurfaces. In the literature, both methods are adopt under the something-to-something interpretation. However, both methods can be interpreted as nothingto-something as long as the Euclidean time period is properly chosen, that is τ r 1 →r 2 = 8πM (Fig. 3) .
We can use the true vacuum decay as a demonstration as follows.
For the nothing-to-something interpretation, though the Euclidean method is verified by GregoryMoss-Withers [6] , the Hamiltonian method has not been clarified. Therefore, we perform a consistency check as follows. 
IV. CONSISTENCY CHECK
Both Farhi-Guth-Guven (FGG) [4] and Fischler-Morgan-Polchinski (FMP) [5] tunnelings give the same decay rates. These methods are therefore equally valid. A question then naturally arisesCan one also find a coherent decay rate between Euclidean and Hamiltonian approaches for nothingto-something interpretation?
A. Decay rates in the Euclidean approach
In the Euclidean approach, the decay rate is given as
where B = S E (instanton)−S E (background) is the tunneling exponent and the Euclidean action takes the form
The decay rate with the nothing-to-something interpretation has been derived by Gregory-MossWithers [6] , with
where f + ≡ 1−2M/r, f − ≡ 1+ r 2 /l 2 , and A i, f are areas of horizons. Note that the first part of the right hand side corresponds to the entropy term which came from the regularization technique around the cusp singularity.
B. Decay rates in the Hamiltonian approach
In the Hamiltonian approach, the decay rate is given by [5] Γ
where Σ f − Σ i is the difference between the integrals on initial and final spacelike hypersurfaces (Fig. 4) . Following the nothing-to-something interpretation, we [1] computed the action integration and we have shown that the integration takes the form
where the first parenthesis was referred to as the volume-integration and the second the shellintegration.
We have showed that [1] 
and
Detail calculations can be found in APPENDIX:A. Thus, we have demonstrated that not only the Euclidean but also the Hamiltonian method work well for the nothing-to-something interpretation.
Therefore, we can safely say that these two interpretations are complementary with each other.
V. CONCLUSION
We have shown that the two interpretations on instantons are complementary each other under some constraint conditions. In addition, by checking consistency between the Euclidean method and the Hamiltonian method, we have verified that the regularization technique of Gregory-MossWithers is valid.
Let us choose the natural units G = = c = 1. Here we try to argue that both Euclidean [6] and
Hamiltonian [5] approaches to the tunneling process lead to the same physical result, decay rate.
In our case, we analyze a true bubble decay process with external cosmology constant zero, negative internal cosmology constant Λ I , and the shell energy density per unit area is µ/4π which also stands for the surface tension σ = µ/4π. For more general cases, we can always consider zero or negative Λ I as well as positive.
On the other hand, to apply thin-shell approximation, we assume the bubble shell to be spherical with negligible thickness. Since the Birkhoff 's theorem guarantees that a spherically symmetry gravitational field has no dynamical degree of freedom, one can simplify the situation into a system with single degree of freedom, the bubble radius r. In this way, our potential can be also simplified into the effective potential V (r) in (2).
Let's begin with the integration from the Euclidean action gives the following form [1] drr cos
where extrinsic curvatures can be expressed as
By using the identity
this is consistent with the second term in (5).
In the Hamiltonian tunneling exponent [5] , the shell-integration is given aŝ
where λ ≡ Λ I /3µ 2 . What we are trying to do is to make sure (1a) and (1c) are equivalent. In FMP [5] , the authors solved the constraints for the momenta and identified the matching conditions by considering the geometry at the shell is smooth. Then they simplified results of constraints into a two-component vector which has a norm as,
which obeys the SO(1, 1) symmetry which is independent of angles. With a careful look, one can identify the notations of FMP as follows:
where the Schwarzschild radius is r s = 2M and the de Sitter radius is r d = 3/Λ I . Thus from (1a), together with σ = µ/4π and λ = Λ I /3µ 2 , .
Thus, we have safely connected (1a) and (1c).
